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p-ADIC MODEL THEORY, p-ADIC INTEGRALS, EULER
PRODUCTS, AND ZETA FUNCTIONS OF GROUPS
JAMSHID DERAKHSHAN
Abstract. We give a survey of Denef’s rationality theorem on p-adic integrals,
its uniform in p versions, the relevant model theory, and a number of applica-
tions to counting subgroups of finitely generated nilpotent groups and conjugacy
classes in congruence quotients of Chevalley groups over rings of integers of local
fields. We then state results on analytic properties of Euler products of such
p-adic integrals over all p, and an application to counting conjugacy classes in
congruence quotients of certain algebraic groups over the rationals. We then
briefly discuss zeta functions arising from definable equivalence relations and
p-adic elimination of imginaries, which have applications to counting represen-
tations of groups.
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2 J. DERAKHSHAN
1. Introduction
In 1984, Denef [11] proved a remarkable theorem on rationality of certain p-adic
integrals. The integrals were analogous to the local zeta functions of Igusa [24],
but their domain of integration were definable sets in the sense of logic. While
Igusa had used the rationality of his local zeta functions to prove a conjecture of
Borevich and Shafarevich on rationality of a Poincare series counting points on
a variety modulo powers of p, Denef used his theorem to prove rationality of a
Poincare series counting points modulo powers of p that lift to a p-adic point. This
proved a conjecture of Serre [36].
Denef’s theorem relies heavily on a quantifier elimination theorem of Macintyre
for the p-adic numbers in the Macintyre language [29]. He combined this with
Hironaka’s embedded resolution of singularities for algebraic varieties and a model-
theoretic cell decomposition theorem extending a result of Paul Cohen that gave
a decision procedure for p-adic fields [10].
Several application followed, to number theory and group theory. Here we focus
on the latter (for the former see [15]). Grunewald, Segal, and Smith [20] introduced
a zeta function counting subgroups of finite index in a finitely generated nilpotent
group, and proved that it admits a factorization as an Euler product of p-adic
integrals that are in turn zeta functions counting pth power index subgroups, and
are rational by Denef’s theorem. The subject of subgroup growth has been much
developed in this connection (see the book by Lubotzky and Segal [28] and Section
8).
du Sautoy introduced a zeta function counting conjugacy classes in congruence
quotients in in GLn(Zp) and used Denef’s theorem to prove its rationality.
In joint work with Mark Berman, Uri Onn, and Pirita Paajanen [4] we defined
the conjugacy class zeta function for all Chevalley groups, and proved that it only
depends on the residue field provided the residue characteristic is large enough. For
example GLn(Zp) and GLn(Fp[[t]]) have the same conjugacy class zeta function.
This implies that for any k ≥ 1, the groups GLn(Zp/p
kZp) and GLn(Fp[[t]]/t
k)
have the same number of conjugacy classes, once p is larger than some constant
(depending only on GLn). Same is true for any Chevalley group.
This is an example of a model-theoretic transfer principle that was originally
proved for truth of a sentence by Ax-Kochen, and later for an identity of motivic
or definable integral by Denef, Loeser, and Cluckers in various forms (for example
in [13], [9]). A version for integrals is also proved in [4] directly without using
motivic integration. These are discussed in Section 9.
In [11], to apply the results on p-adic integration to prove Serre’s conjecture,
Denef proved "p-adic definability" of the Serre series. Analogously, in [4] we need
to prove p-adic definability of the local conjugacy class zeta function. These proofs
are presented in Sections 7 and 10 respectively. They provide the connection
between model theoretic p-adic integrals with the generating functions in algebra
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and number theory, and open the door to apply p-adic model theory and p-adic
integration the problems. We hope that the methods in these proofs can be used
in various other generating functions and Poincare series.
In [14], Euler products of the above mentioned definable p-adic integrals are
appropriately defined and it is proved that they admit meromorphic continuation
beyond their abscissa of convergence and that one can get information on the
poles of the Euler product. This is presented in Section 11 and the relevant model
theory in Section 6.
In [14], this result combined with the uniformities of the local conjugacy class
zeta functions are applied to a global conjugacy class zeta function for Chevalley
groups with strong approximation (e.g. SLn for n ≥ 2 and Sp2g for g ≥ 1)
to count conjugacy classes in congruence quotients over a number field, e.g. to
get asymptotic formulas for the numbers of conjugacy classes in SLn(Z/mZ) as
m→∞. This is discussed in Section 12.
In the final section we discuss the subject of p-adic imaginaries (i.e. equivalence
classes of a definable equivalence relation) and representation growth of a group
that studies the numbers of representations of the group in any given degree using
the representation zeta function.
Hrushovski-Martin-Rideau [22] proved that the Qp have an elimination of imag-
inaries that is uniform in p in the geometric language which has sorts for the spaces
of lattices GLn(Qp)/GLn(Zp) for all n. They used this to prove an extension of
Denef’s rationality theorem to Poincare series counting classes of a parametrized
family of definable equivalence relations. They applied this to prove rationality of
zeta functions counting (iso-twist classes of) representations of finitely generated
nipotent groups.
Moreover, Avni [1] has proved results on representation growth for arithmetic
lattices. These are lattices in semi-simple Lie groups of higher rank. If the lattice
satisfies the congruence subgroup property, then the number of representations in
each degree is finite, and one can define the representation zeta function. Avni
proves results on the growth of the number of representations in each degree.
He proves the representation zeta function has an Euler product factorization,
over primes p, of certain p-adic integrals which are over definable sets and are a
generalization of the integrals of Denef, and proves they are rational functions.
2. Acknowledgments
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3. p-adic numbers and measures
Let p be a prime number. Let vp(x) denote the p-adic valuation on Q defined
by vp(x) = k if x = p
ka/b where ab is not divisible by p. This gives a p-adic
absolute value that is non-Archimedean (or ultrametric) defined by |x| = p−v(x).
The completion of Q under this absolute value is the field of p-adic numbers Qp.
vp(x) admits a unique extension to a valuation of Qp, that we still denote by
vp(x). Any element a ∈ Qp can be written in the form
∑
i≥−k cip
i, where k is a
non-negative integer and ci are either in {0, . . . , p − 1} or from the Teichmuller
group. See [6] for details.
Let K be a finite extension of Qp. The p-adic valuation vp(x) admits a unique
extension to K, that we denote by v(x). Let OK = {x ∈ K : v(x) ≥ 0} denote
the valuation ring of K. Let pi be a uniformizing element of K, i.e. element of
K of least positive value, then any element x ∈ K can be written as x = piku,
where k ∈ Z and u is a unit of OK . OK is a local ring with unique maximal
ideal MK = {x ∈ K : v(x) > 0} generated by a uniformizing element. The field
k = OK/MK is called the residue field of K, and is finite of cardinality q which
is a power of p. K carries an absolute value defined by |x| = q−v(x). See [6], [35].
The field K, hence the additive group (Kn,+), is locally compact, thus carries
an R-valued Borel measure µn that is unique up to multiplication by a constant
and invariant under translation. Since OnK is compact, we normalize µn such that
OnK has volume 1. We shall also denote this normalized additive measure on K
n
by dx = dx1 . . . dxn.
Note that
µn(a+ pi
mOnK) = q
−mn,
and for any measurable set A and λ ∈ K,
µn(λA) = |λ|µn(A).
More generally, for any g ∈ GKn(K),
µn(gA) = |det(g)|µn(A).
K is a locally compact non-Archimedean field with finite residue field of char-
acteristic zero. The topology is given by the metric d(x, y) = |x− y|. Conversely
every such field is a finite extension of Qp for some p. In characteristic p > 0, such
fields are exactly fields of Laurent series Fq((t)). See [35]
4. p-adic integration on analytic manifolds
For the basic theory of K-manifolds and K-analytic functions see Serre’s book
[37]. If f is a K-analytic function on a measurable set A ⊆ Kn, one defines∫
A
|f(x)|dx =
∑
m∈Z
µn({x ∈ K
n : v(f(x)) = m})q−m,
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assuming that it is convergent in R, and∫
A
|f(x)|sdx =
∑
m∈Z
µn({x ∈ K
n : v(f(x)) = m})q−ms,
when it is convergent, where s is a complex variable.
Example 4.1. Let n = 1. Let s ∈ R>0. Then∫
{x∈OK :v(x)≥m}
|x|s =
∑
j≥m
q−sj
∫
{x∈OK :v(x)=j}
dx =
∑
j≥m
q−sj(g−j − q−j−1)
= (1− q−1)q−(s+1)m/(1− q−(s+1)).
A fundamental fact is the following p-adic change of variables formula.
Theorem 4.1. [38],[24] Let U be an open subset of Kn and f1, . . . , fn K-analytic
functions on U . Suppose that f = (f1, . . . , fn) : U → K
n is a K-analytic isomor-
phism between U and an open subset V ⊆ Kn. Then for every integrable function
ϕ on V , ∫
V
ϕ µn|V =
∫
U
(ϕ ◦ f)|Ω(f1, . . . , fn)| µn|U ,
where Ω(f1, . . . , fn) is the determinant of the Jacobian matrix of f .
If X is an n-dimensional smooth K-analytic manifold, then any K-analytic n-
differential form ω on X gives rise to a measure µω on X defined as follows. Let
{(U, φU} be an atlas of X. Let (φ
−1
U )
∗ω|U = fU(x)dx. If A is included in some U ,
then one defines
µω(A) =
∫
φU (A)
|fU(x)|dx.
By the p-adic change of variables formula, this can be extended to all measurable
A independent of choice of an atlas.
5. Conjectures of Borevich-Shafarevich and Serre
Let f1(x), . . . , fr(x) be polynomials in m variables x = (x1, . . . , xn) over Zp. For
n ∈ N, let Nn denote the number of elements in the set
{x ∈ (Zp/p
nZp)
m : fi(x) ≡ 0 mod p
m, for i = 1, . . . , r}
and N˜n the number of elements in the set
{x ∈ (Zp/p
nZp)
m : ∃y ∈ Zmp , y ≡ x mod p
n, fi(x) = 0, for i = 1, . . . , r}.
Consider the following Poincare series
P˜ (T ) =
∑
n≥0
N˜nT
n, P (T ) =
∑
n≥0
NnT
n.
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Borevich and Shafarevich [5, page 6] conjectured that P (T ) is a rational function
of T . This was proved by Igusa [23] when r = 1 using resolution of singularities
(see also Igusa’s book [24]), and by Meuser [31] for any r using Igusa’s method.
Serre [Section 3][36] and Oesterle [32] conjectured that P˜ (T ) is a rational func-
tion of T . This was proved by Denef [11].
Theorem 5.1 (Denef [11]). The series P˜ (T ) is a rational function of T .
Denef gave two proofs of this theorem, one using a theorem of Hironaka on
resolution of singularities of an algebraic variety (see [24]), and another using
instead and a cell decomposition theorem [11] which extends work of Paul Cohen
[10]. In both proofs, a theorem of Macintyre [29] giving quantifier elimination
theorem for Qp in is crucially used. Denef also gave a new proof of the Borevich-
Shafarevich conjecture without using resolution of singularities.
Both Igusa and Denef reduce the rationality of the Poincare series to that of
p-adic integrals. In Igusa’s theorem the integral is over Zmp , but in the case of
Denef’s theorem, the domain of the integral is a definable subset of Qmp which
does not carry any structure of a p-adic algebraic or analytic set. But using
Macintyre’s quantifier elimination, the domain is a so-called p-adic semi-algebraic
set (analogous to the real semi-algebraic sets), and this allows computation of the
integral.
Denef’s results and methods of proofs have been widely used in rationality
proofs for various other Poincare series. These include Poincare series counting
subgroups of a group (part of the subject of subgroup growth) or representations
of a group (part of the subject of representation growth). See Section 8 and the
book by Lubotzky and Segal [28] for more on this.
Denef’s results have also influenced the study of local height zeta functions that
are used in counting rational points of bounded height in algebraic varieties over
number fields (via Euler products). See Chambert-Loir’s paper [7] and the survey
[15] for more on this.
It is known that suitable quantifier elimination for p-adic fields yields quantifier
elimination for adeles. See [15]and the references there. Furthermore, rationality
of p-adic integrals are used in [14] to get results for Euler products that in turn
yield results for analytic properties of adelic integrals.
We now give some details on the relevant model theory.
6. Quantifier elimination for p-adic fields, and uniformity in p
Let Lrings = {+, ., 0, 1} denote the language of rings. Macintyre extended this
language by adding predicates for nth powers for all n. Let Pn(x) denote the
formula ∃y x = yn. The Macintyre language is LMac = Lrings ∪ {Pn(x) : n ≥ 2}.
The Macintyre language has been of fundamental importance in p-adic model
theory since its introduction. A celebrated theorem of Macintyre states the the
theory of the field of p-adic numbers has elimination of quantifiers in LMac. The
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elimination of quantifier is in fact proved for the theory of p-adically closed fields
and Qp is p-adically closed.
We recall that a field is p-adically closed (or formally p-adic in the terminology
of Ax-Kochen [2]) if it is a model of the following axioms. These axioms can
be expressed in the language Lrings augmented by a predicate for the valuation
ring (called the language of valued fields) or in the language Lrings since the
valuation ring is existentially Lrings-definable (both with parameter p and without
any parameter). In fact, if we take p as a parameter, then an easy application
of Hensel’s lemma shows that Zp is quantifier-free LMac-definable in Qp using the
predicate P2(x) (see [11, Lemma 2.1]). If we do not take p as a parameter, then
it is proved in [8] that there is a parameter-free existential definition of Zp in Qp,
and more generally of the valuation ring OK in K, for any given finite extension
K of Qp.
Axioms for p-adically closed fields
(i). Sentences stating the the field has characteristic zero.
(ii). Sentences expressing the property of being a Henselian valued field K
as follows. Let f(x) = a0x
n + · · · + an be a polynomial over the valuation ring
OK such that there is some α ∈ OK and r ≥ 0 such that v(f(α)) ≥ 2r + 1
and v(f ′(α)) < r + 1. Then there is a unique α¯ ∈ OK such that f(α) = 0 and
v(α− α¯) ≥ r + 1.
(iii). Sentences expressing that the value group is a Z-group. These sentences
express that the group is abelian and has a minimal positive element 1, and for all n
the index of nG in G is n (we have written the group additively). This is equivalent
to the condition that the group is elementarily equivalent to (Z,+, 0, 1, <) in the
language of ordered abelian groups.
(iv). The sentence stating that v(p) = 1.
(v). The sentence stating that the residue field is Fp.
Ax and Kochen [2] proved that these axioms completely characterize p-adically
closed fields. In other words the theory of p-adically closed fields is complete in the
language of rings or the language of valued fields, i.e. a sentence in the language
holds in Qp if and only if it holds in every p-adically closed field.
Now we state Macintyre’s theorem.
Theorem 6.1 (Macintyre [29]). The theory of p-adically closed fields admits elim-
ination of quantifiers in LMac.
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A subset of Qmp that is quantifier-free definable in the Macintyre language is
called a p-adic semi-algebraic set. Note that such a set is a Boolean combination
of sets of the form
{x ∈ Qmp : ∃y ∈ Qp : f(x) = y
n},
where f ∈ Qp[x1, . . . , xm].
Another formulation of Macintyre’s theorem is that if S ⊆ Qm+qp is semi-
algebraic, then its projection on the m-coordinates
{x ∈ Qmp : ∃y ∈ Q
q
p, (x, y) ∈ S},
is also semi-algebraic.
Now the question arises as to whether one can obtain a language L in which
the Qp, for all p or all but finitely many p, have a quantifier elimination that is
uniform in p. More generally, one can ask for a uniform quantifier elimination
for the non-Archimedean completions Kv of a number field K, where v runs over
non-Archimedean absolute values of K, for all v or almost all v.
If L is many-sorted we require that ψ(x) be quantifier-free of the field sort (so
it could have quantifiers ranging over the other sorts).
We remark that a family {Kv : v ∈ S}, where S is a subset of the set of
normalized absolute values, is said to have uniform quantifier elimination if for
any L-formula ϕ(x), where x is a tuple of variables, there exists a quantifier-free
L-formula ψ(x) such that for all v ∈ S
Kv |= ∀x(ϕ(x)⇔ ψ(x)).
Belair [3] and Macintyre [30] obtained uniform quantifier eliminations for Qp
for all p. Pas [33] obtained a quantifier elimination that is uniform for almost
all p. Macintyre and Pas’ results were used to get uniform rationality for p-adic
integrals).
In these works, the uniform quantifier elimination for all but finitely many Qp
is deduced from a quantifier elimination for the theory of Henselian valued fields
of characteristic zero and residue field of characteristic zero. In the Macintyre and
Pas cases, this quantifier elimination is in a many-sorted language for the field
sort relative to the other sorts.
7. Denef’s rationality theorem and definability of the Serre series
Denef’s remarkable theorem on p-adic integrals is the following.
Theorem 7.1 (Denef [11]). Let X be a definable subset of Qmp in the language of
rings. Suppose that X is contained in a compact subset of Qmp . Let g ∈ Qp[x],
where x = (x1, . . . , xm). Then ∫
X
|g(x)|sdx
is a rational function of p−s.
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Denef adds a predicate | to Lrings interpreted as x|y ⇔ v(x) ≤ v(y) and works
in this language, but the relation | is Lrings-definable using the parameter-free
Lrings-definability of the valuation ring Zp in Qp in[8] (same for a finite extension
of Qp).
We note that Denef’s theorem remains valid for a finite extension K of Qp, with
the same proof. See [12].
In [11] more general results are proved where g(x) is replaced by a definable
function from Qmp into Qp (i.e. a function whose graph is definable).
The reason Theorem 7.1 implies Serre’s conjecture is that the Serre series P˜ (T )
can be written as an integral as in Theorem 7.1 where the domain of integration
is definable.
Denef’s proof of this definability result in [11] goes as follows.
Let f1(x), . . . , fr(x) ∈ Qp[x] where x = (x1, . . . , xm). Let s ∈ R>0. Let
I(s) =
∫
D
|w|sdxdw,
where
D = {(x, w) ∈ Zmp × Zp : ∃y ∈ Z
m
p , x ≡ y mod w, fi(y) = 0, for i = 1, . . . , r}.
Then
I(s) =
∑
n≥0
∫
(x,w)∈D,v(w)=n
p−nsdxdw
=
∑
n≥0
p−ns
∫
(x,pn)∈D,v(w)=n
dxdw
=
∑
n≥0
p−ns(
∫
(x,pn)∈D
dx)(
∫
v(w)=n
dw)
= (1− p−1)
∑
n≥0
p−nsN˜np
−nm(p−n − p−(n+1))
= (1− p−1)
∑
n≥0
N˜n(p
−sp−m−1)n
= (1− p−1)P˜ (p−m−1−s).
This technique is powerful and can be used in a variety of contexts. A variant
is done for the conjugacy class zeta function of an algebraic group and is stated
in Section 9.
Problem 7.1. Use these methods to prove definability for other generating func-
tions in algebra and number theory.
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8. Subgroup growth zeta functions of groups
Denef’s theorem 7.1 led to several results on counting subgroups of a group. This
started with work of Grunewald-Segal-Smith in [20] who initiated the subject of
subgroup growth which studies growth of subgroups of a group G of given index.
Let G be a group. One assumes that G is finitely generated, so that for any
n, it has only finitely many subgroups of index n. Let an(G) denote this number.
Grunewald-Segal-Smith defined the subgroup growth zeta function of G as
ζG(s) =
∑
n≥1
an(G)n
−s =
∑
H≤G
|G : H|−s.
This is a non-commutative generalization of he Dedekind zeta function of a number
field.
Example 8.1. Let G = Z2, the free abelian group of rank two. Then
ζZ2(s) = ζ(s)ζ(s− 1).
This implies that
a1(G) + · · ·+ aN(G) ∼ (pi
2/12)N2
as N →∞. See [28].
The function ζG(s) defines an analytic function of some half-plane precisely when
the coefficients an(G) are bounded by a polynomial. An interesting theorem of
Lubotzky-Mann-Segal [27] gave a characterization of finitely generated residually
finite groups with such polynomial subgroup growth: they are precisely groups
which have a subgroup of finite index that is soluble of finite rank.
Grunawald-Segal-Smith [20] studied ζG(s) for G finitely generated nilpotent. In
this case one has an Euler product factorization
ζG(s) =
∏
p
ζG,p(s)
where the local factors are defined by
ζG,p =
∑
n≥0
apn(G)p
−ns,
which is a zeta function counting subgroups of p-power index.
Using Denef’s theorem 7.1, they proved in [20] that each local factor ζG,p(s) is
a rational function of p−s by writing it as a p-adic integral over a definable subset.
The precise asymptotic growth of an(G) for finitely generated nilpotent G, was
given by du Sautoy and Grunewald in [19]. They used Denef’s theorem and some
variants and other tools to prove the following remarkable result.
Theorem 8.1 (du Sautoy-Grunewald [19]). The abscissa of convergence of ζG(s)
is a rational number α(G) and ζG(s) has meromorphic continuation to the half-
plane Re(s) > α(G)− δ for some δ > 0. It follows that
a1(G) + · · ·+ aN(G) ∼ cN
α(G)(logN)b(G)
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where c ∈ R and b(G) ∈ N.
Their result is proved more generally for Euler products of cone integrals which
are examples of Denef’s integrals over definable sets. The question arises as to
whether this holds for all definable integrals. This turned to be true and was
proved in [14]. See Section 11 for more on this.
9. Conjugacy class zeta functions of algebraic groups
over local fields
LetO denote a complete discrete valuation ring with maximal idealM and finite
residue field k of cardinality q. Let G be a Chevalley group with an embedding
into GLd. Consider the congruence subgroups defined by
Gm(O) = Ker(G(O)→ GLd(O/M
m))
of G(O).
For each m ∈ N, let cm denote the the number of conjugacy classes in the
congruence quotients
G(O, m) ∼= G(O)/Gm(O) ∼= G(O/Mm).
du Sautoy [16] defined the conjugacy class zeta function ζccGLn(Zp)(s) for GLn(Zp)
and proved its rationality using Denef’s Theorem 7.1. It follows that the number
of conjugacy classes in GLn(Zp/p
mZp) for m ≥ 1, and fixed p, satisfy a linear
recurrence relation. He asked to what extent this relation depends on the prime p.
This was answered in joint work with Mark Berman, Uri Onn, and Pirita Paajanen
[4] as follows. The answer is that the rationality and recurrence relations depend
only on the residue field, for large p.
Extending du Sautoy’s definition, we define the conjugacy class zeta function
for any Chevalley group G as
ζccG(O(s) =
∞∑
m=0
cmq
−ms.
Theorem 9.1 (Berman-Derakhshan-Onn-Paajanen [4]). Let G be a Chevalley
group. Let d = dim(G).
(1) For any complete discrete valuation ring O with residue field k of cardinal-
ity q,
ζccG(O)(s) = 1 +
q−dim(G)|G(k)|(ZG(O)(s− d)− 1)
1− qs−d
,
where
ZG(O)(s) =
∫
G(O)×G(O)
||{(xy− yx)ij : 1 ≤ i, j ≤ d}||
sdν
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and ν is the normalized Haar measure on G(O) × G(O). Here x = (xij)
and y = (yij) are d × d matrices of indeterminates. The norm in the
integrand is ||{zi : i ∈ I}|| := maxi∈I{|zi|}.
(2) There exist a constant N ∈ N and formulas ψ1(x), . . . , ψn(x) in the lan-
guage of rings in an r-tuple of variables x, and rational functions in two
variables
R1(X, Y ), . . . , Rn(X, Y )
over Z such that for all complete discrete valuation rings O with finite
residue field k of characteristic p and cardinality q, where p > N , the
conjugacy class zeta function depends only on q and can be written as
ζccG(O(s) = card(ψ1(k))R1(q, q
−s) + · · ·+ card(ψn(k))Rn(q, q
−s),
where ψj(k) denotes the set defined by ψi in k
r.
(3) If O and O′ are complete discrete valuation rings with the same finite
residue field of characteristic larger than N , then G(O) and G(O′) have the
same conjugacy zeta function, and for all m ≥ 1, the congruence quotients
G(O, m) and G(O′, m) have the same number of conjugacy classes.
Note 9.1.
(1) Theorem 9.1 combined with Denef’s theorem 7.1 prove the rationality of
the conjugacy class zeta function for all Chevalley groups G and all O as
above.
(2) If the residue characteristic of O is large enough then the rationality and the
recurrence relations are the same for all G(O) such that the valuation rings
O have the same residue field. This includes the positive characteristic case
of G(Fq[[t]]) as well. So for example G(Zp), G(O), for O the valuation ring
of a totally ramified extension of Qp and G(Fp[[t]]) have the same conjugacy
class zeta function, for large p.
These are model-theoretic transfer principles for the conjugacy class zeta func-
tions.
The proof of Theorem 9.1 is based on uniform cell decomposition which is a
partition of the domain of integration into cells uniformly in p on each of which
the integral can be evaluated. The idea of such a cell decomposition was due to
Paul Cohen in his proof of decidability of p-adic fields in [10], but that was only in
dimension 1 and a general cell decomposition theorem was proved by Denef who
used it to give a second proof of his rationality result in [11].
Uniform cell decomposition was proved by Pas in [33]. This was used in [4] to
give a uniform in p version of Denef’s formulas for the integrals showing that the
integrals depend only the residue field. This also follows from motivic integration
results of Cluckers-Loeser [9] and Denef-Loeser [13] but an new and self-contained
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treatment was given in [4] without introducing motivic integrals and more of an
algebraic nature.
In 9.1 the rationality of the conjugacy class zeta function is proved by first
proving definability of the conjugacy class zeta function, similar to Denef’s proof
of definability of the Serre series and du Sautoy’s proof in [16]. However, this
definability is in the form of an integral with definable domain but with respect to
the Haar measure on the group G(O). To apply Denef and Pas’ work one needs
to work with integrals with respect to the additive Haar measure on the local
field. This requires writing integrals with respect to the Haar measure on G(O) as
integrals with respect to the additive Haar measure on the local field. A general
result of this kind is proved in [4] that should be of independent interest as follows.
Theorem 9.2 (Berman-Derakhshan-Onn-Paajanen). Let G be a Chevalley group
defined over Z. There exist (explicitly computed) rational maps ι : AdimG → G and
α : AdimG → A such that the following holds. Let K be a non-Archimedean local
field with valuation ring O. Let dx denote the additive Haar measure on KdimG
normalized on OdimG. Then the measure µ given by∫
G(K)
f(g)dµ :=
∫
KdimG
|α(x)|f(ι(x))dx,
as f runs through all complex valued Borel functions on G(K), is a left and right
Haar measure on G(K) normalized on G(O).
10. Definability of the conjugacy class zeta function:
Proof of Theorem 9.1(1)
We give the proof of definability of the conjugacy class zeta function that is
joint work with Berman-Onn-Paajanen in [4].
As in Section 9, O denotes a complete discrete valuation ring with finite residue
field k of characteristic p, and cm = cm(G,O) denotes the number of conjugacy
classes in the congruence quotient G(O, m). We have
(10.1) ζccG(O)(s) =
∞∑
m=0
cm q
−ms (s ∈ C).
We put kG(q) = |G(k)|q
−d, q = |k|, and d = dimG.
Lemma 10.1. [4] Let X be a smooth scheme defined over O. Then for all m ≥ 1
|X(O/Mm)| = |X(k)|q(m−1) dimX .
In particular the formula holds for algebraic groups defined over O.
Now we give a proof of Theorem 9.1(1).
14 J. DERAKHSHAN
Let w : G(O)×G(O) −→ N be defined by
w(x, y) = max{m ∈ N : x−1y−1xy ∈ Gm(O)}
if x−1y−1xy 6= 1, and ∞ otherwise. It is easily checked that
w(x, y) = min
1≤i,j≤n
{v(xy − yx)ij}.
We call it the depth of a commutator in the congruence filtration
We need the following classical result for a finite group H : let cc(H) denote the
number of conjugacy classes in H , then (cf. [16])
(10.2) cc(H) = |H|−1
∑
x∈H
|CH(x)| = |H|
−1|{(x, y) ∈ H ×H : xy = yx}|.
Applying (10.2) to G(O, m) we see that for all m,
cm = |G(O)/G
m(O)|−1em,
where
em := |{(x, y) ∈ G(O, m)×G(O, m) : x
−1y−1xy = 1}|.
Let
Wm = {(x, y) ∈ G(O)×G(O) : w(x, y) ≥ m},
Z ′G(O)(s) =
∞∑
m=0
q−msν(Wm).
Then
ZG(O)(s) =
∞∑
m=0
q−msν(Wm rWm+1) = Z
′
G(O)(s)(1− q
s) + qs.
It is easily seen that
ν(Wm) = ν(G
m(O)×Gm(O))em.
Applying Lemma 10.1 yields
Z ′G(O)(s) =
∞∑
m=0
ν(Gm(O)×Gm(O))emq
−ms
=
∞∑
m=0
|G(O)/Gm(O)|−1cmq
−ms
= 1 + kG(q)
−1(ζccG(O)(s+ d)− 1),
since ν(Gm(O)×Gm(O)) = |G(O)/Gm(O)|−2. The proof is complete.
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11. From p-adic integrals to global zeta functions
via Euler products
After Denef proved his rationality Theorem 7.1, Pas [33] and Macintyre [30]
independently proved that there are uniformities in the shape of the rational func-
tions as p varies when X and g(x) are over Q.
When there such a uniformity in local p-adic integrals, one expects that it is
explained by some global information of number-theoretic nature. By global we
mean relating to a global field that is a finite extension of Q (called a number
field) or a field of rational functions of a curve over a finite field Fq((t)).
In 1995 Kontsevich gave a seminal talk at Orsay where he introduced the idea
of motivic integration [25]. He used this to prove that birationally equivalent
Calabi-Yau manifolds have the same Hodge numbers. Batyrev had proved they
have the same Betti numbers using p-adic integration and the Weil conjectures.
Kontsevich avoided this by replacing p-adic integration by motivic integration
that comes from a measure that is not R-valued but valued in a Grothendieck ring
of algebraic varieties, and did gain the extra important geometric information.
See Loeser’s Seattle lectures [26] for more details and an introduction to motivic
integration.
In a series of works, Denef and Loeser developed a systematic theory of motivic
integration, see [13] and the survey [26]. This theory has had various applications
to algebraic geometry, number theory, and representation theory. On the other
hand it gave a beautiful geometric explanation of the uniformity in p of the rational
functions by showing that there is a "motivic integral" that relates to a "Chow
motive" in the sense of algebraic geometry that specializes via a certain procedure
to the p-adic integrals for almost all p, see [13].
A new approach to motivic integration was given by Cluckers-Loeser, see for
example [9], and Hrushovski-Kazhdan [21]. Each work has had numerous appli-
cations to geometry and arithmetic.
A different approach to use the uniformity in the p-adic integrals and get global
information from it was introduced in [14] via the idea of taking an Euler product.
Several Dirichlet series in number theory and geometry are Euler products, for
example the Riemann zeta function∑
n≥1
n−s =
∏
p
(1− p−s)−1
and various other zeta functions and L-functions, e.g. L-functions of algebraic va-
rieties and L-functions of Galois representations and modular forms. Furthermore,
integrals over the ring of adeles AK of a number field are naturally Euler products.
These L-functions play a fundamental and central role in modern number theory
and representation theory. See [15] for more on these.
The question then arises as to whether an Euler product over all primes p of
the p-adic integrals (suitably normalized) over definable sets (the kind considered
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by Denef in his rationality theorem) would have good analytic properties similar
to zeta and L-function, for example meromorphic continuation and information
on its poles.
Much light on this problem is shed by the work of du Sautoy and Grunewald in
[19] in the proof of Theorem 8.1 on the subgroup growth zeta function of finitely
generated nilpotent groups. In fact, in [19] they prove the conclusions of Theorem
8.1 for an Euler product of "cone integrals". These cone integrals are a special
case of the definable integrals of Denef.
In [14], Theorem 8.1 of du Sautoy-Grunewald was generalized to all "definable
integrals" as follows.
Theorem 11.1 (Derakhshan [14]). Let Z(s, p) be as above. Let ap,0 be the constant
coefficient of Z(s, p) when expanded as a power series in q−s. Then the Euler
product over all primes p ∏
p
a−1p,0Z(s, p)
has rational abscissa of convergence α and meromorphic continuation to the half-
plane {s : Re(s) > α− δ} for some δ > 0. The continued function is holomorphic
on the line Re(s) = α except for a pole at s = α.
Tauberian theorems from analytic number theory then imply the following as-
ymptotic formulas.
Corollary 11.1 (Derakhshan [14]). Suppose the Euler product
∏
p a
−1
p,0Z(s, p) can
be written as a Dirichlet series
∑
n≥1 ann
−s. Then for some real numbers c, c′ ∈ R,
a1 + a2 + · · ·+ aN ∼ cN
α(logN)w−1
a1 + a22
−α + · · ·+ aNN
−α ∼ c′(logN)w
as N →∞, were w is the order of the pole of Z(s, p) at α.
du Sautoy has given examples of subgroup zeta functions that are of the form of
the Euler products in Theorem 11.1 but do not admit meromorphic continuation
to the entire complex plane. See [17], [18].
We remark that in the proof of Theorem 11.1, we found it necessary to use the
uniform formulas of Macintyre for the p-adic integrals that are proved in [30]. In
this work, Macintyre introduces a many-sorted language for Qp for all p uniformly
in p, and proves uniform quantifier elimination and cell decomposition. In most
uniform treatments of Qp. The fact that this is proved for all p and the nature
of the sorts in the Macintyre language for each Qp is crucial in order to prove
Theorem 11.1.
Since most integrals over the ring of adeles AK of a number fieldK are such Euler
products, Theorem 11.1 and Corollary 11.1 have applications to adelic integrals
and number theory. See [15] for such results and problems and relations to various
L-functions in number theory and the Langlands conjectures.
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A challenging problem stated in [15] asks for adding "Archimedean factors" to
these products, to obtain a function similar to a zeta or L-function in adelic form.
12. Global conjugacy class zeta function
Uri Onn defined the global conjugacy class zeta function of an algebraic group.
It counts conjugacy classes in algebraic groups over a number field, and can be un-
derstood via its local factors using 11.1 and the definability of the local conjugacy
class zeta functions in [4] discussed in Section 10.
For simplicity we consider the case K = Q. For the definition and basic proper-
ties of strong approximation in algebraic groups we refer to the book by Platonov
and Rapinchuk [34, Chapter 7.1]. For example, SLn has strong approximation
but GLn does not, for all n.
Let G ≤ GLn be a Z-defined algebraic subgroup. Let cm denote the number of
conjugacy classes in G(Z/mZ). The global conjugacy zeta function of G(Z) is
ζccG(Z)(s) =
∑
m≥1
cmm
−s
Theorem 12.1. [14] Assume that G has strong approximation. Then the global
conjugacy zeta function ζccG(Z)(s) has rational abscissa of convergence α and mero-
morphic continuation to the half-plane {s : Re(s) > α − δ} for some δ > 0. The
continued function is holomorphic on the line Re(s) = α except for a pole at s = α
of some order w. There exists c ∈ R such that
c1 + · · ·+ cN ∼ cN
α(logN)w−1
as N →∞.
To see that Theorem 12.1 follows from Theorem 11.1 note that by strong ap-
proximation, for any m = pr11 . . . p
rk
k , we have an isomorphism
G(Z/mZ) ∼= G(Z/pr11 Z)× · · · ×G(Z/p
rk
k Z).
For the irreducible representations (which are the same as conjugacy classes)
we have identifications
Irr(G(Z/mZ)) = Irr(G(Z/pr11 Z))× · · · × Irr(G(Z/p
rk
k )).
Therefore, the numbers of conjugacy classes are multiplicative, and we deduce
an Euler factorization
ζccG(Z)(s) =
∏
p
ζccG(Zp)(s).
Problem 12.1. Complete the Dirichlet series ζccG(Z)(s) by adding "Archimedean
factors" and write it as an integral of a suitable function over a definable subset
of AmK for some m ≥ 1. Understand the analytic properties (e.g. meromorphic
continuation and functional equation) of the completed zeta function.
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For more on adelic integration and related problems see [15].
13. Zeta functions arising from definable equivalence relations
and p-adic elimination of imaginaries
Motivated by counting irreducible complex representations of a finitely gen-
erated nilpotent group up to equivalence and iso-twisting (see [22]), Hrushovski,
Martin, and Rideau [22] proved an extension of Denef’s Theorem 7.1 to generating
functions that count the number of classes of a parametrized family of definable
equivalence relation. We state this result.
We consider Z in the language of ordered Abelian groups and Qp in the language
of rings. We consider Z as the value group of Qp and add a sort for it together
with a symbol v for the valuation from Qp into Z ∪ {∞}. By a definable family
R = (Rl)i∈Zr of subsets of Q
N
p we mean a definable subset R ⊆ Q
N
p × Z
r, where
Rl denotes the fibre above l of the projection map R→ Z
r. By a definable family
of equivalence relations we mean an equivalence relation E = (El)l∈Zr on R such
that for any x, y if xEy then there is some l ∈ Zr such that x, y ∈ Rl. This induces
a definable equivalence relation El on Rl for each l.
We may regard (El)l∈Zr as a definable family of subsets of Q
2N
p . Since N0 (the
non-negative integers) is definable in Z, we may consider the definable families
R = (Rl)i∈Nr
0
.
Let t = (t1, . . . , tr). For l ∈ N
r, we let tl denote
∏
1≤i≤r t
li
i .
Theorem 13.1 (Hrushovski-Martin-Rideau [22]). Let R = (Rl)l∈Nr
0
be a definable
family of subsets of QNp . Let E = (El)l∈Nr0 be a definable family of equivalence re-
lations on (Rl)l∈Nr
0
. Suppose that for all l ∈ Nr0 the set of equivalence classes Rl/El
is finite of cardinality al. Then the Poincare series
∑
l∈Nr
0
alt
l ∈ Q[[t1, . . . , tr]] is a
rational function.
We remark that the series
∑
l∈Nr
0
alt
l ∈ Q[[t1, . . . , tr]] is said to be a rational
function if it is equal to a rational function in t1, . . . , tr with coefficients from Q.
Cluckers [22, Appendix] gave a different proof of Theorem 13.1 in the more
general context with subanalytic language of Qp.
In order to prove Theorem 13.1, Hrushovski-Martin-Rideau prove that the the-
ory of Qp admits elimination of imaginaries in the geometric language. This lan-
guage has a sort for Qp with the language of rings and sorts for the quotients
Sn = GLn(Qp)/GLn(Zp) with the language of groups and symbols for the projec-
tion maps GLn(Qp) → Sn. Note that S1 can be identified with the value group
and the corresponding projection map with the valuation map. Moreover, they
prove that the elimination of imaginaries in uniform in p. They also prove their
results for finite extensions of Qp. See [22] for details.
Theorem 13.1 applies naturally to problems in representation growth of groups.
This is a recently developing subject, analogous to subgroup growth, which studies
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the numbers of irreducible complex representations in each degree using represen-
tation zeta functions.
Let G be a finitely generated group having finitely many irreducible representa-
tions of any fixed dimension, up to equivalence (such groups are called represen-
tation rigid). Let rn(G) denote this number. Let
ζRepG (s) =
∑
n≥1
rn(G)n
−s =
∑
ρ∈Irr(G)
(dim(ρ))−s,
where Irr(G) denotes the set of finite dimensional, complex, and irreducible rep-
resentations of G.
If G is a finitely generated nilpotent group, then G is not representation rigid,
but if we take iso-twist classes of representations in each degree which are classes of
the equivalence relation between representation when one twists by a 1-dimensional
representation, then we get a finite set and thus one can define a representation
zeta function. Hrushovski-Martin-Rideau apply Theorem 13.1 to prove rationality
of these zeta functions. See [22] for details.
If the sequence rn(G) grows polynomially, then ζ
Rep
G (s) converges in some half-
plane {s : Re(s) > α} and we may speak of its abscissa of convergence αG.
Avni [1] proved the following
Theorem 13.2 (Avni [1]). Let Γ be an arithmetic lattice in characteristic zero
(i.e. a lattice in a higher semi-simple higher rank Lie group) with the congruence
subgroup property. Then αΓ is a rational number.
In the proof, ζRepΓ (s) is written as an Euler product of certain p-adic integrals
over definable sets which are more general than the integrals in Denef Theorem
7.1, which are also rational functions. Then an estimate is given for their abscissa
of convergence.
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